Probabilistic Graphical Models

Lecture 5
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Conditioning can destroy independence




Remember: faulty push-button

e x_device onor off (1/0) after n times pressing the button
e button works with probability p. if the device is on, and
with probability q. if the device is off.

p(T1, %2, .., %) z; € 0,1 (2™-1 parameters)

P(wl, L2y .- ,xm) — P(wl) . 'P(il?m) (m parameters)
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Remember: faulty push-button

Xyp0 o0 X0 X1) = P(X, | X))

p(X; X5, oy X, ) = p(><m | X0, Xy, s X ) P(Xy0 X5, oy X

Observation: p(x. | x._

m—l)
= p(xm Xm_l) P(x1: A PYRRY xm—l)

= PO | X0 1) POt | X4 X500, X 5) POXG X X )




Remember: faulty push-button

Xyp0 o0 X0 X1) = P(X, | X))
P(X;, Xy, ey X ) = .. = p(xm | Xm_1) p(X;, Xy, s X, 1)
=p(x | x_Ip(x | X, Xy, e X ) P(Xyy Xy ey X )

= PO | X01) POy | X 0D POKL X0 X 2)

Observation: p(x. | x._




Remember: faulty push-button

Observation: p(X. | X, ;, X, . .., X,, X;) = p(x, | x,_,)

p(xl, x2, o Xm) - ...
p P(X1) p(lexl) P(X3 |X2) p(xm_l |Xm_2) p(xm |Xm-1)



Remember: faulty push-button

e fully dependent: 2™-1 free parameters (about 10°° for n=100)
e fully independent: m free parameters (100 for n=100)

o p(Xy Xy, .y X )= (X)) p(X;) ... p(X,)
e conditionally independent: 2m-1 free parameters (199 for n=100)

o p(Xy Xy, s X )= P(X) PX, [%) op(x [x )



Remember: faulty push-button

Given X ,, X. is independent of X,

1'-2
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Directed Graphs & Conditional Independence

Cloudy Catching
morning Cold

ancestor ancestor parent child

given (immediate) parent, child is
independent of all ancestors
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given (immediate) parents, child is independent Cold

of all other nodes except its descendants



Directed Graphs & Conditional Independence

‘aa

Markov Property

given (immediate) parents, child is independen
of all other nodes except its descendants
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Directed Graphs & Conditional Independence
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Directed Graphs & Conditional Independence

P(OR,S)=P(S | O,R) P(O, R)
=P(S | O, R) P(O) P(R)



Directed Graphs & Conditional Independence

PCRW)=P(W |[R)P(R | C)P(C)

P(O.R,S) = P(S | O,R) P(O) P(R) P(R,S,W)=P(W | R)P(S | R)P(S)
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Directed Graphs & Conditional Independence

Cloudy

morning P(C,O,R,CW,S,W,CC)

= P(CC | C,0R.CW,S,W)P(C,ORCW,S,W)

= P(CC | CW,W) P(C,O.R,CW,S,W)

= P(CC | CW,W) P(CW|C,0.R,5,W) P(C,0.R,S,W)
P(CC | CW,W) P(CW|C) P(C,OR,S,W)

Cold
Weather

= P(CC | CW, W) P(CW|C)P(W | R)P(S | O,R)

P(R | €) P(O) P(C) \ /
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Conditional Independence <-> Factorization

Cloudy

morning Given parents, nodes are independent of their

non-descendants

=> Joint distribution can be factorized into the
CPDs of each node given their parents.

Spilled
oil

P(C,OR,CW,SI,W.CC)
= P(CC | CW.,W) P(CW|C) P(W | R)P(S | O, R)

P(R | €) P(0) P(C) \ /
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Distributions (CPDs)



Conditional Independence <-> Factorization

Cloudy : : :
morning Given parents, nodes are independent of their

non-descendants

=> Joint distribution can be factorized into the
CPDs of each node given their parents.

Spilled
oil

Proof in general case?
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Example: Markov Chain

@

p(x; | X, , X, %) = p(x. | %, )

p(x,, X5, ..., xm) = .

=p(x) p(x,1x) p(x;1x,) .. p(x, ,Ix ) plx |x_ )



Example: Hidden Markov Models, Bayesian Filters

T

P(x,, X,, .., X, 01, 0,, ..., om) —
=p(x) p(x,lx) plx51x,) .. p(x ;Ix ) p(x_Ix ;)
plo,Ix)) plo, Ix,) .. plo, ;1% ) plo, Ix,)



xample: Medical Diagnosis

Hepatotoxic
medications

antibodies to
HBsAg in blood

Presence of
tibockes to
Presence of ok
hepaitis B HDV in blood,
surface antigen
inblood

‘athological
resistances
Intemational
nomalized ratio

Total proteins

symptoms

P -
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nieszka, et al. "A Bayesian network model for diagnosis of liver disorders




Example: Medical Diagnosis

International
normalized ratio
of prothrombin

Onisko, Agnieszka, et al. "A Bayesian network model for diagnosis of liver disorders.", 1999.
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What about ...




